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Propagation of Radiation in High-Density Fibrous Composites
Containing Coated Fibers

Siu-Chun Lee*
Applied Sciences Laboratory, Inc., Hacienda Heights, California 91745

The dispersion relations of a high-density fibrous composite containing parallel, nonhomogeneous fibers have
been derived by a rigorous solution of Maxwell's equations and the application of the quasicrystalline approx-
imation. These formulae are obtained for realistic pair-correlation functions and for an arbitrary incident
direction. While the dispersion relations for the effective propagation constants are transcendental equations
with a complicated functional dependence, analytical closed-form expressions are obtained in the Rayleigh limit
for the hole-correction pair distribution. Numerical results for homogeneous and coated fibers are presented to
illustrate the influence of fiber concentration on the extinction efficiency and effective refractive index of the
medium. It is shown that the effective refractive index of the medium increases with increasing fiber concen-
tration, due to dependent scattering. As a result, refraction of the transmitted wave occurs, and the angular
characteristics of surface emission and reflection would also be affected. Wave refraction is significant at high-
volume fraction, and it diminishes with increasing porosity. These results indicate that the radiative properties
which rigorously account for the dependent scattering effects must be utilized in order to accurately analyze
the thermal performance of high-density fibrous composites.

Nomenclature
A = coefficient in the pair-correlation function
a — constant in the pair-correlation function
°ajn = coefficient of scattered wave, TE mode
°bjn = coefficient of scattered wave, TM mode
Et = transmitted wave potential
EtQ = amplitude of the transmitted wave
e = unit vector
Fsn,i> Fsn,2 = functions defined by Eqs. (6) and (9),

respectively
fv = volume fraction of fibers, nQ7rr%LQ
g(Rjk) = pair-correlation function
H = Hankel function of the second kind

/ = integral-order Bessel function
K = effective propagation constant of the

medium, KR — iKf
KR9 Kf = real and imaginary parts of K, respectively
k = unit vector in the Z direction
kQ = wave number in vacuum, 27T/A
L = K cos </>,
L0 = average length of the fibers
/0 = kQ COS (/>;

m = index of refraction
ml = index of refraction of the fiber coating
m2 = index of refraction of the fiber core
N — total number of fibers
n = index, -oc to °o
w«?($i) = effective refractive index of the medium
n0 = number of fibers per unity volume, N/V
p = quantity defined by Eq. (29)
Qe = extinction efficiency of the fibrous medium
q = quantity defined by Eq. (30)
R = magnitude of the radial vector R
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Subscripts

r
t
I, II

Superscripts
t
0

radial vector
radial distance between the centers of fibers /
and k
fiber radius
index, — <* to &
TM mode scalar wave function
volume of medium
TE mode scalar wave function
size parameter, 27rr0/A
size parameter based on the outer radius
size parameter based on the core radius
angle defined by Eq. (31)
angle that the line joining the centers of
fibers k and j makes with the X axis
Kronecker delta function
distance between fiber centers divided by
fiber diameter
azimuthal angle, Fig. 1
wavelength
polar angle, Fig. 1
critical angle of the transmitted wave
angle of incidence

incident wave
refers to fiber /, k
refers to real quantities
refers to the transmitted wave
TM and TE mode, respectively

= refers to the transmitted wave
= refers to incident wave or independent

scattering

Introduction

D EVELOPMENT of advanced thermal protection ma-
terials is generally recognized as an important aspect in

assuring the success of many future space missions. It is an-
ticipated that spacecraft for future missions, such as the solar
and planetary exploration probes, will encounter much higher
temperatures and heat fluxes than those of the present sys-
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terns. Thermal insulations with longer life and higher per-
formance are needed to meet the requirements of future
spacecraft.

Thermal insulation materials presently utilized in many space
systems involve particulate matrix composites. For example,
the thermal tiles of the Space Shuttle consist of high-porosity
fibrous composites, containing randomly oriented ceramic fi-
bers. Advanced design concepts to achieve higher insulation
capacity include particulate coatings with selective spectral
reflectance1 and composite matrix containing nonhomoge-
neous fibers.2 Although it is generally possible to increase the
insulation capacity by increasing the material thickness, the
resulting larger spacecraft envelope dimension could pose un-
desired constraints on system design and integration. For ap-
plications at elevated temperatures, high-density fibrous com-
posites may be employed, which generally exhibit a higher
insulation capacity than the high-porosity materials. Nextel®
and Astroquartz® blankets are two common high-density fi-
brous insulations which are woven from fiber bundles. Each
fiber bundle consists of a large number of closely spaced fibers
whose diameters are comparable to the wavelength of thermal
radiation. The radiative properties of high-density fibrous
composites must be known a priori in order to evaluate and
improve the thermal performance of the composites.

Radiative transfer through high-porosity fibrous composites
has received considerable attention.3'9 These analyses employ
the independent scattering assumption, which include the ear-
lier approximate methods,3"5 to the more recent models, which
account for the effect of fiber orientation.6"9 In the inde-
pendent scattering regime, the radiative properties of a fi-
brous medium, which include the extinction and scattering
cross sections and the scattering phase function, are obtained
from the scattering of electromagnetic (EM) waves by an
isolated fiber.

The pertinent phenomena, which distinguish between in-
dependent and dependent scattering, can be visualized by
considering the physical processes of scattering of an EM wave
by a collection of fibers as shown in Fig. 1. The scattered
waves from a fiber propagate out as cylindrical waves which,
if unobstructed, would recover to a plane wave in the far
field, i.e., at distances far away from the fiber. In a high-
porosity fibrous medium, the spacing between fibers is large,
and the scattered waves would traverse a long distance before
encountering another fiber. Hence, when the scattered waves
from one fiber are incident on another fiber, the waves would
have already recovered to plane waves which are indistin-
guishable from those due to the external source. As a result,
each fiber only interacts with plane waves and scatters radia-
tion as an isolated particle. Furthermore, because of the large,
random distance between the fibers, there would not be any
definite relationship between the amplitude and phase of the
scattered waves from the various fibers in the medium. There-
fore, the intensity of the incident radiation on a fiber is equal

TE

Fig. 1 Plane EM wave at arbitrary incidence on a medium of non-
homogeneous fibers located to the right of the origin.

to the sum of the intensities arriving at that location. The
radiative properties of the fibrous medium are then simply
equal to the sum of those of the individual fibers.

In a high-density fibrous composite, the spacing between
fibers is comparable to the wavelength of the incident radia-
tion. The cylindrical scattered waves emanating from a fiber
would not have traversed enough distance to recover to plane
waves before they encounter another fiber. As a result, near-
field multiple scattering occurs, which involves the successive
scattering of cylindrical waves by the fibers. The total incident
wave on each fiber would consist of a plane wave from the
external source and the multiply-scattered cylindrical waves
from other fibers. The small fiber-spacing also results in def-
inite phase shifts between the scattered waves from all the
fibers. As a result, far-field wave interference occurs in ad-
dition to multiple scattering in the near field. By applying the
dependent scattering formalisms for homogeneous fibers,10

near-field multiple scattering and far-field wave interference
have been shown to exert a strong influence on the radiative
properties of closely spaced fibers.11

Near-field multiple scattering in a high-density medium must
be distinguished from far-field multiple scattering in a high-
porosity medium. The former involves successive scattering
of nonplanar waves (cylindrical waves for fibers, and spherical
waves for spheres), whereas the later involves scattering of
plane waves. The multiple scattering of plane waves and non-
planar waves underlines the basic difference in radiative trans-
port through a high-porosity and a high-density medium, re-
spectively. As the particle concentration increases, the effective
refractive index of the medium becomes higher than that of
the medium which contains the fibers and causes wave re-
fraction. These dependent scattering effects must be ac-
counted for in the analysis of radiative energy transport through
high-density fibrous media.

The objective of this article is to investigate the character-
istics of wave propagation in a high-density fibrous medium
containing parallel, nonhomogeneous fibers. The formulation
for the extinction efficiency, which is related to the atten-
uation of coherent radiation, is first presented. This is fol-
lowed by the analysis of wave refraction effects. Numerical
results will be presented to demonstrate the influence of fiber
volume fraction on the extinction efficiency and refraction of
radiation.

Theoretical Formulation
The analysis of radiative transfer through a high-density

particulate medium requires the solution of Maxwell's equa-
tions in order to account for the dependent scattering effects.
These include the coherent and incoherent properties, which
are related to the effective propagation constant and the scat-
tering coefficient, respectively. For a medium of closely spaced,
homogeneous parallel fibers, the formalism for the dispersion
relations has been presented by Lee,12 in which the special
case of an incident wave propagating in the X-Z plane (Fig.
1) was considered. In this article, we shall consider the general
case of nonhomogeneous fibers and an arbitrary incident di-
rection.

Figure 1 depicts the configuration of the fibrous medium.
The radially stratified fibers are located in the positive X
direction, whose axes are parallel to the Z axis. The external
incident wave propagates in the direction prescribed by the
azimuthal angle Of and polar angle </>,. The transmitted wave
in the medium propagates in the direction specified by the
angles Ot and (/>,, which are generally different from 6t and <£,.
The consideration of a completely general incident direction
is essential to the derivation of radiative properties that are
applicable to the analysis of both diffuse and collimated ra-
diation through a high-density fibrous medium.
Dispersion Relations for Arbitrary Incidence

In a high-density fibrous medium, the total wave potential
at a point P in space consists of the contributions from the
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external incident wave and the scattered waves from all the
fibers. The refractive index of the medium containing the
fibers is assumed to be unity. For an obliquely incident EM
wave on a finite collection of fibers, decomposition of polar-
ization gives rise to scattered waves of both the transverse
magnetic (TM) and transverse electric (TE) modes.

For an incident TM wave, the total wave potentials of the
TM mode u(Rp) and the TE mode v(Rp) in the vicinity of a
nonhomogeneous fiber / are given by

u(Rp) = exp(-ik0e°'Rp) + X u'k(Rp - Rk) (1)

(2)v(Rp) = 2 v'k(Rp - Rk)

kQ is therespectively. In the above expressions, / = V — 1 ,
wave number in the medium, e° is the unit vector in the
direction of the incident wave, and the superscripts 0 and s
denote the incident and the scattered waves, respectively. For
an arbitrary collection of radially stratified, parallel fibers,
the formalism of these potential functions has been presented
by Lee.13

Equations (1) and (2) can be transformed into those for a
semi-infinite medium of fibers (i.e., N -* °°, V —» °°, while
the number density «0 = N/V = finite) by employing Foldy's
effective field approach14 and Lax's quasicrystalline approx-
imation (QCA).15 The QCA accounts for up to triple scat-
tering and is accurate to the third order.16 The accuracy of
the QCA has been shown to be comparable to those based
on the much more complicated QCA-CP (coherent potential)
approach for a dense medium of spherical particles.17 Al-
though similar comparisons have not been performed for high-
density fibrous media, the QCA should yield similarly accu-
rate results as those for spherical particles.

By following the procedures outlined in Ref. 12, we obtain
the following determinants which correspond to the dispersion
relations for an arbitrary incident direction defined by 6i and

for a TM mode incident wave, and

= 0

(3)

(4)

for a TE mode incident wave, where Fsn is a complicated
function which depends on the spatial distribution of fibers,
and (°b\, Qal

n), and (°bu
n, °an

n) are the TM and TE mode
wave coefficients for scattering by an isolated radially strat-
ified fiber at oblique incidence, respectively.13 The oblique
incident angle </>0 is given by

sin 4>0 = e°-k = sin fa (5)

The function Fsn consists of two terms, Fsn , and Fsn2. The
first term is given by

exp[ -/ & dVk (6)

where

G£ = (-i)s-Hs_n(kQRkj cos </>0)exp[/(5 - n)ykj] (7)

and Vk is the volume around fiber k. In order to facilitate the
analysis, the products n0Fsrttl and n0Fsn^2 will be considered.

Equation (6) can be integrated to yield

[2l0r0fJs-n(2Lr0£)H's_n(2l0r0£

where £ is the ratio between the minimum center-to-center
distance between a pair of fibers and the fiber diameter, L
= K cos fa, 1Q = k0 cos fa, and the superscript ' denotes
differentiation with respect to the argument. Based on geo-
metric considerations, the theoretical maximum volume frac-
tion is related to £ by/, max = ir/(2\/3£2).12 The second term
in n0Fsn, which involves g(Rjk), is given by

= n0 Jv, exp [-iK(Rk - Rj-e']

(9)

The volume integral can be expanded into a double integral
over the polar angle and radial distance. The integration over
polar angle can be performed readily to yield

9i(n-s)et f
x [g(t) - l]t dt (10)

where t( = R/2rQ£) is the nondimensional radial distance.
Equations (8) and (10) would reduce to those previously given
in Ref. 12 for the special case of Ol , = 6( = 0, and for ho-
mogeneous fibers. The evaluation ofnQFsn2 requires the spec-
ification of g(Rjk), which is discussed below.

Pair-Correlation Radial Distribution Function
In order to evaluate nQFsna, g(RJk) which prescribes the

spatial probability distribution of fibers, must be specified.
For spherical particles, the Percus-Yevick model18 has been
found to be most accurate. For cylindrical fibers, however, a
similarly accurate model does not exist. A model most rep-
resentative of fibers was presented by Wood,19 which was
based on a Monte-Carlo analysis of hard disks in an isother-
mal-isobaric ensemble. In addition, Bose and Mal20 employed
an exponentially decaying pair-correlation function to analyze
shear waves in fiber-reinforced composites.

Based on detailed numerical analysis, Wood's model can
be approximated by

g(R) = I + A-exp{-4#/(2r0<0]2}, R > (Ha)

with A ~ 900 and a ~ 4.85. On the other hand, the model
of Bose and Mal20 takes the form

g(R) = (lib)

In the limit of very large radial distance, these pair-correlation
functions satisfy the normalization condition20

Km - \g(R) -
RQ-+OC KQ

= 0 (12)

Both forms of g(R) diminish rapidly with increasing fiber
separation, which is consistent with the physical constraint
that nJFsn 2 only exerts a short-range influence on the multiple
scattering of waves in the near field. The terms n0Fsn^ and
noFsn,2 are generally evaluated numerically due to their com-
plicated functional dependence, except for Rayleigh limit fi-
bers (i.e., 27rr0/A — » 0). The derivation of the Rayleigh limit
expressions will be given in a subsequent section.
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Snell's Law at the Boundary
The dispersion relations given by Eqs. (3) and (4) for the

TM and TE .modes, respectively, contain three complex un-
knowns: 1) K, 2) 0r, and 3) </>,. In order to solve for these
unknowns, two additional constraints are needed. They are
obtained by applying Snell's law at the boundary. By matching
the phases of the incident and transmitted waves at the in-
terface (jc = 0), we obtain

K sin </>, = k0 sin </>,

in the Z direction, and

(13)

K cos 4>, sin 0, = k0 cos <£, sin 0, (14)

in the Y direction. These equations can be combined to yield

(L//0) = V(£/fc0)2(l/cos2<k) - tan24>, (15)

sin ut = cos 4>i sin 0f

sin2</>, (16)

By substituting Eqs. (15) and (16) into nJFsn^ and n0Fsn^2, the
dispersion relations then contain K/kQ as the only complex
unknown. The K/k0 for each mode can be solved for accord-
ingly. The effective K/k0 for unpolarized radiation is equal to
the average of those for the TM and TE modes.

Rayleigh Limit Approximation for Fsntl and Fsnj2

In the limit of very thin fibers, the asymptotic forms of
Bessel functions for small arguments can be utilized to eval-
uate nQFsn^ and nQFsn^. Consequently, Eq. (8) becomes

7) 1 £
o/ J

1 - I f I I *(/„/•„£)> (17)

For the pair-correlation function of Eq. (Ha), we obtain

«oFo,2 = Sf,£2Ae*-->»,
exp( - Va

2a

x l -

for |s - n\ = 0, and

,\ 2i £,(«)
r]j.-^-£~ (18)

Y ____mi_______
^ [(m - n + l)lan] + i • 2a

(19)

for m = |s - n\ = 1 to oo5 where E^a) is the exponential
integral and y = 0.5774. For the pair-correlation function
given by Eq. (lib), we obtain

—— (1 + a)

(20)

for \s - n\ = 0, and

(m!) 2V/o

y
~

ra!
[(m - n

(21)

for m = | s — n\ = 1 to °°. Bose and Mal20 had presented the
expressions corresponding to Eqs. (20) and (21) for the special
case of normal incidence </>, = 0 and 0,- = 0, = 0. However,
they incorrectly approximated the lower limit of integration
in Eq. (10) as 0 instead of 1. Due to the divergent nature of
Hankel functions at the origin, their results are at least 25%
off from those of Eqs. (20) and (21).

The dispersion relations given by Eqs. (3) and (4) are tran-
scendental equations with a very complicated functional de-
pendence. It is generally not possible to obtain an analytical
closed-form solution for K for arbitrary fiber sizes. Closed-
form solutions can only be obtained for Rayleigh limit fibers
for the hole-correction assumption, i.e., g(R) = 1, and for
neglecting terms of order higher than a2, so that n0Fsna = 0.
By retaining terms of order n = — 1, 0, 1, we obtain

= [(1

for the TM mode, and

(K\/k0) = [(I + <W2

(22)

(23)

for the TE mode. In the above expressions

^ - (2fJira)Q°el (24)
00 \

(25)

where QQ
el is the TM mode extinction efficiency of an isolated

nonhomogeneous fiber, and Im denotes taking the imaginary
part. For the TE mode, Qau

n and QQ
ell would be used in place

of Obl
n and QQ

el, where <2°n is the TE mode extinction effi-
ciency. These equations would reduce to those previously
obtained by Lee12 for the special case of 6t = Ot = 0 and if
the properties of homogeneous fibers are used.

Qe which includes the multiple scattering effects is related
to the effective propagation constant by21

Qe = - (26)

The extinction efficiencies for the TM and TE modes are
obtained by utilizing the effective propagation constants for
the respective modes. It can be easily shown that K/kQ and
Qe for unpolarized radiation are equal to the average of those
of the TM and TE modes.

Wave Refraction in High-Density Fibrous Media
A distinct phenomenon which occurs only in high-density

particulate media is the refraction of the transmitted wave in
the medium. Wave refraction affects the angular character-
istics of the radiative energy transport inside and emission
from the medium. The high-volume fraction of fibers gives
rise to a complex propagation constant, which results in an
"effective" electrical conductivity. Because Kis complex, the
angles 0, and </>, of the transmitted wave are also complex.
Although the laws of Snell and Fresnel are still valid in a
purely formal way, the complex angles of propagation $r and
0, imply a shift of phase and the appearance of an attenuation
factor.22 The complex angles require a special interpretation
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in order to determine the real direction of propagation in the
particulate medium. This section presents the analysis on the
refraction of EM waves propagating in a high-density fibrous
medium.

In general, the transmitted wave inside the fibrous medium
is described by

Et = Et0Qxp(-lKet-R) (27)

where E = (u, v), Et0 is the amplitude, and el is the unit
vector in the propagating direction of the transmitted wave.
After considerable, but elementary manipulations, and em-
ploying Eqs. (13) and (14), the transmitted wave can be writ-
ten as

Et = Et0 exp( - k0px)exp[ — ik0(qx - y cos </>, sin 0,

+ z sin 0f.)] (28)

where

p = pK^/fccOcos jS - (KR/k0)sm j8] (29)

q = p[(KR/k0)cos 0 + (Kt/kjsm j3] (30)

The constants p and ft are determined from

pe* = VI - k + cos2(/>, sin20z) (31)

Equation (28) describes an EM wave whose surfaces of con-
stant amplitude and constant phase do not coincide. The sur-
faces of constant amplitude and constant phase are given by

px = const (32)

qx - y cos </>, sin 0f + z sin </>, = const (33)

respectively. The real angles of propagation of the transmitted
wave are then readily obtained as

tan 0rr = (cos </>, sin QJq)

sin far — (sin fa

(34)

2 + + cos2^ sin20z) (35)

where Otr and </>rr are measured in the same sense as Ot and
4>t. The additional subscript r denotes that the angles are real.

The effective refractive index of the medium, which is the
real part of the complex index of refraction, is defined in
terms of the real angles Otr and (f>tr as

sin20,
(36)

which varies with the angle of incidence. By using Eqs. (34-
36), we obtain

Otr cos (f)tr = cos cf)i sin 0, (37)

Equations (36) and (37) represent the modified SnelPs law in
terms of the real angles of propagation in the Z and Y direc-
tions, respectively. It can be easily shown from these equa-
tions that ne is independent of Ot. The critical angle of trans-
mission corresponds to </>, = 7r/2. It follows from Eq. (36)
that

fcr = <t>c = si 2^ = IT 12) (38)

Because q is a function of KR/k0 and K^k^ both of which
vary with the solid volume fraction, </>c is also a function of
fiber volume fraction.

In the limit of fv -» 0, we obtain KR/k0 -> 1 and K^k^ -»
0 from Eqs. (22) and (23), and /3 -» 0 and p -> cos </>, cos 0,

from Eq. (30). It follows from Eqs. (30), (34), and (35) that

otr = et (39)

Hence, the transmitted wave propagates in the same direction
as the incident wave. Furthermore, Eq. (36) yields ne($>?) —
1, showing that the effective refractive index of the medium
is not affected by the presence of the fibers. Therefore, wave
refraction does not occur in a high-porosity medium, which
is consistent with physical observations.

By applying Eqs. (34-37), the transmitted wave given by
Eq. (28) can be written in terms of the effective refractive
index and real angles as

Et = EtQexp(-k0px)exp(-inek0et
r-R) (40)

where ef
r is the unit vector in the propagating direction of the

transmitted wave in terms of the real angles 9tr and 4>tr. Equa-
tion (40) reveals that the transmitted wave propagates with
an effective wave number nek0 due to the presence of closely
spaced fibers. In a high-porosity medium in which indepen-
dent scattering prevails, ne = 1, and the wave number in the
medium is unchanged, which is well-known in the indepen-
dent scattering limit. Radiative transfer analysis through a
high-density particulate medium must properly account for
the wave refraction effects due to a nonunity refractive index,
even though the refractive index of the medium containing
the fibers is unity.

Results and Discussion
The phenomena of radiation extinction and wave refraction

in a high-density fibrous composite containing parallel, ra-
dially stratified fibers are investigated in this article. The ex-
tinction efficiency is related to the coherent effective propa-
gation constant which is obtained from the dispersion relations.
Wave refraction is caused by the deviation of the effective
refractive index from unity due to the presence of closely
packed fibers. In this article the general dispersion relations
based on realistic pair-correlation functions have been derived
for a general fiber size parameter and for an arbitrary incident
direction. The influence of fiber volume fraction on wave
refraction is also investigated.

The dispersion relations given by Eqs. (3) and (4) are very
complex transcendental equations which must be solved for
numerically. In general, they can be solved by utilizing com-
plex root-finding algorithms, such as those available in the
IMSL libraries. Since the physical phenomena of radiation
extinction and wave propagation are quite similar for fibers
whose diameters are comparable to, or much smaller than,
the wavelength, the dependent scattering effects can be in-
vestigated by considering Rayleigh limit fibers. For the pur-
pose of illustration, numerical results are being presented for
«! = 0.01 and for a unity pair-correlation function. These
include 1) homogeneous fibers with m = 1.65 - 1.28/, and
2) coated fibers with al/a2 = 2, where ml = 1.546 for the
outer coating and m2 = 1.65 - 1.28/ for the core. These
optical properties are chosen arbitrarily for illustrative pur-
poses only. The refractive index of the medium containing
the fibers is unity. Equations (22-26) are utilized to calculate
the extinction efficiency and effective propagation constants.

Figures 2 and 3 show the variation of the extinction effi-
ciency with fiber volume fraction for a medium of homoge-
neous and coated fibers, respectively. Near-field multiple
scattering effects become increasingly pronounced as the fiber
volume fraction increases, which result in a lower extinction
efficiency. For the given combination of fiber optical prop-
erties, the extinction efficiency of a medium of coated fibers
is lower than that for homogeneous fibers, which converges
to the independent scattering value as fv —> 0. Although the
extinction efficiency decreases with fv, the extinction coeffi-
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Fig. 5 Variation of the effective refractive index with incident angle
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cient increases because it is directly proportional to the vol-
ume fraction. Therefore, the insulation capacity of a high-
density fibrous material is generally much higher than that of
a high-porosity fibrous material.

The effects of wave refraction in high-density fibrous media
containing homogeneous and coated fibers are shown in Figs.
4-6. Figure 4 shows the influence of fiber volume fraction on
the effective refractive index of the medium (ne) for several
incident angles. It is reiterated that ne is independent of 0,..
For the given fiber optical properties, the ne for a medium of
coated fibers is lower than that for uncoated fibers. It is in-
tuitively obvious that ne deviates negligibly from unity at low-
volume fractions. As the fiber concentration increases, ne be-
comes increasingly higher than unity, due to the dependent
scattering effects. The effective refractive index also varies
with the incident angle, as shown in Fig. 5. This behavior is
distinctly different from that of a homogeneous conducting
medium in which the refractive index is an invariant. Figure
6 depicts the variation of the transmitted angle with the in-
cident angle. At low volume fractions, c/>rr and <f>t are identical
due to negligible refraction. At large volume fractions, </>,,.
becomes lower than </>,, due to the higher effective refractive
index of the medium. The </>,,. at which c/>, = ir/2 is the critical
angle within which the transmitted radiation is confined. Con-
versely, only the radiation propagating within the cone de-
fined by <f)tr would leave the medium and contribute to emis-
sion from the medium.

The numerical results revealed the influence of fiber con-
centration on the effective radiative properties of the medium.
It is shown that the dependent scattering extinction efficiency
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Fig. 6 Influence of fiber volume fraction on the transmitted angle
for coated and uncoated fibers.

is a function of fiber volume fraction. The effective refractive
index of the medium would increasingly deviate from unity
(assuming that the refractive index of the medium containing
the fibers is unity) as the volume fraction increases. In the
high-porosity limit (fv —» 0), the extinction efficiency would
reduce to that for scattering by an isolated fiber, and the
effective refractive index becomes unity. Wave refraction due
to nonunity refractive index would greatly affect the reflection
and emission characteristics of high-density fibrous compos-
ites.
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Conclusions
The theoretical formalisms presented in this article ex-

tended the previous analysis for fibrous composites containing
homogeneous fibers, to those containing radially stratified
fibers, and for an arbitrary incident direction. The derivation
was based on a rigorous solution of Maxwell's equations by
accounting for the near-field multiple scattering in closely
spaced fibers, and by the application of the quasicrystalline
approximation. Realistic pair-correlation functions were ap-
plied to obtain the dispersion relations for the effective prop-
agation constants.

The present analyses reveal that both the effective Qe and
ne of the medium are strongly influenced by fiber concentra-
tion. In particular, near-field multiple scattering reduces Qe
and causes ne to increase. As a result, the effective wave
number in the medium differs from that of the incident wave
by ne. In the high-porosity limit, ne reduces to unity, and the
extinction efficiency becomes identical to that for independent
scattering. These analyses reveal the important phenomenon
of wave refraction in high-density particulate media, which
would greatly affect their surface radiative characteristics.
Therefore, both the dependent scattering extinction efficiency
and effective refractive index must be employed in the analysis
of radiative energy transport through high-density fibrous me-
dia.
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